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O ! On the second Paneitz-Branson invariant 

Q^' Mohammed Benalili and Hichem Boughazi 

< 

, Abstract. We define the second Paneitz-Branson operator on a com- 

■ pact Einsteinian manifold of dimension n > 5 and we give sufficient 

conditions that make it attained. 

o 

I In 1983, Paneitz discovered a conformally invariant fourth order 

operator on 4-dimensional Riemannian manifolds. Branson[2J extended the 
notion to Riemannian manifolds of dimension n > 5. This operator has 
geometrical roots, it is associated to the notion of the Q-curvature which can 
^ . be seen as the analogue of the scalar curvature for the conformal Laplacian. 

CNj ' Let {M,g) be a Riemannian manifold; the Paneitz-Branson operator reads 

a^ ■ 

2{n-l){n-2) ^ n-2 y 2 



>< 



1. Introduction 



where Ricg and Sg denote respectively the Ricci curvature and the scalar 



^ \ curvature of g and where 



n 1 AC , n3 - 4n^ + 16(n - 1) ^2 2 2 

^^"2(n-l)^^+ 8(n-l)2(n-2)2 {^n-2f^^^'^ 



4 



■ The conformal property of the Paneitz-Branson expresses as: let g = ip"-"- g 

be a conformal metric to g, where > is smooth function on M. Then 

where N = 

Observe that when {M,g) is Einstein, the Paneitz-Branson operator is 
reduced to 

Pg{u) = A^u + aAu + au 

where 

A = -divV 
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and 



Notice that 



_ - 2n - 4 _ _ (n - 4)(n2 - 4) 2 
" ~ 2n(n-l) ^ ' " ~ 16n(n-l)2 f 



(1-1) -r - a = n, 

4 n2(n-l)2 

Let H2{M) be the standard Sobolev space, which is the completion of the 
space 

C|(M) = C°°(M), ||(/5||2^2 < 00} 

with respect to the norm 



Let Grk{H2) be the /c-dimensional Grassmannian manifold in ff|(M) i.e. 
the set of all subspaces of -ff|(M) of dimension k>l. 

Denote by [g\ the conformal class of the metric g i.e. 5 € [g]^ Ij = ug 
with u > a smooth function on M. The minimax characterization of the 
eigenvalue of order /c > 1 of the Paneitz-Branson operator Pg is given by 

Afcls') = mf , sup — -„ J- . 

Similarly to the Yamabe invariant of higher order introduced by Amman 
and Humbert ([1]), we define the Paneitz-Branson invariant. 

Definition 1. Let k € N* . The k^^ Paneitz-Branson invariant is de- 
fined by 

fik{M,g) = mf Xk(g)Vol{M,g)t 

In a recent paper pL] Amman and Humbert introduced the Yamabe 
invariant of high order ^j^{M,g), k > 1 and studied fi2(.^j9)^ mainly they 
showed that contrary to the standard Yamabe invariant fJ^i{M, g) the second 
invariant //2(M, cannot be attained by a metric if the manifold {M,g) is 
connected. To find a minimizer to /X2(-/Vf, g), they enlarge the class [g] of 
conformal metric to what they called the generalized conformal metric to g 
i.e. g G [g] if 5 = ~^g where u (z Lp' (M) and u > not indentically null 
and where 2* = 

The goal of this paper is to study the second Paneitz-Branson invariant 
on Einsteinian manifolds we seek for situations where this latter is attained. 
Observe that to have positive solutions in case of the Yamabe invariant it 
suffices to remark that for any u G Hl{M), \u\ £ Hf{M) and |V |n|| = |Vm| 
which is no longer true in the case of the Branson-Paneitz operator because 
of the term Jj^ (Au)'^ dvg and also if u G i?|(M), \u\ is not necessary in 
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Hl{M). The condition ([□]) implies by Theoreml.l) that Paneitz- 

Branson operator is coercive i.e. 

UPg{u)dVg > A ||?i||2 2 

M 

where the left hand side of this inequality has to be understood in the 
distribution sense and where A > is a constant. 

Hereafter, the space iJ|(-/Vf) will be endowed with the norm 

\^ 

UPg{u)dVg 

M J 

which is equivalent to the norm ||.||2 2- 

II, lip will denote the L^-norm with respect to the Riemannian measure 

The main results we obtain are 



dvg. 



Theorem 1. // the compact manifold {M,g) is Einstein and of dimen- 
sion n > 12 then ii2{M,g) is attained by a generalized metric. 

Theorem 2. Let {M,g) be a compact Einstein manifold of positive 
scalar curvature and of dimension n> 5. Assume that fj,2{M,g) is attained 
by a generalized metric with u € L^{M) and u > not identically 

null. 

Then there exist a nodal solution w € C^'"(M) (a < N — 2) to the 
equation Pg{w) = ^2(^1 9)''^^~'^''^ such that \w\ = u. 

Our paper is organized as follows 

In the first section we give some properties of the first and second eigen- 
values of the Branson-Paneitz operator. In the second one we establish a 
Sobolev inequality related to the second Branson-Paneitz invariant /X2 (-^j q) ■ 
The third section is devoted to the existence of a minimizer to fi2 (M, g) . In 
the fourth section an estimation of fj,2{M,g) is given in terms of ^i{M,g) 
and of the best constant K2 in the Sobolev embedding of f^l (-^") {R^). 
In the fifth section we give a sufficient condition which assures the strong 
convergence of a sequence of solutions. In the last section, we analyze situ- 
ations where nodal solutions exist and by the way we deduce that /X2(-/Vf, (^) 
is not attained by a classical conformal metric. 

Now, we quote some facts which will be of use in the sequel of this paper. 

Lemma 1. ([A]) Let {M,g) be a compact Riemannian manifold of di- 
mension n > 5, for any e > there exists a constant A(e) such that every 
u G i^l(M) fulfills 

\\u\\lf < {K2 + e) ||Au||2 + A{e) \\u\\l 

with N = ^ and i^g^^ = ii'^nin - l){n'^ - 4)^ 
where T denotes the Euler function. 
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Lemma 2. ( f7\)Let {S'^\h) be the standard unit sphere of K^'^^ , n > 5, 
and let P be the Paneitz- Branson operator on (S"',h), then 

-2 _ ■ f Is" uP{u)dvh 



i^o" = inf 



Lemma 3. ( [7\)Let (M, g) be a smooth compact n-dimensional (n > 
f>) Riemannian manifold, a a positive real number, let b be a real valued 
functions defined on M and u E H^^^M) be a weak solution of 

A 2 A «^ 

A u + ai\u H u = bu. 

4 

If be Li{M), then u G L"(M) for all s>l. 

2. First and second eigenvalues for a generalized metric 

Let L^{M) be the space of L^-integrable non negative functions which 
are not identically 0. Denote by Gr^(i?2) the set of all fc-dimensional sub- 
spaces [k > 1) of -ff|(-/Vf) which are the span of the functions ui, Uk if 
and only if «i| u^i ^ are linearly independent. 

Definition 2. A generalized metric conform to a metric g is of the form 
g = ug with u G L^{M). 

Definition 3. For any generalized metric g = u 2 g of a Riemannian 
metric g we define the eigenvalue of order k > 1 to the Branson-Paneitz 
operator Pg by 

M[9) = inf sup -J . 

We need the following lemma which is first given in ([Ij) for sequences in 
Hl{M) but its proof remains inchanged and we reproduce it here for reason 
of completness. 

Lemma 4. If u e L^{M) and (vn) is a sequence in iffC-^) which con- 
verges weakly to v, then 

(2.1) / u'^~'^\v'i-v'^\dvg ^0. 

Proof. Letting A be any real positive number, we put ua = inf(n, ^). 
Then {ua)a is a monotone sequences which converges pointwisely almost 
everywhere to v, so by Lebesgue monotone convergence theorem, we get 

N 



{u''-^-u^-^)^^dvg^O. 



I M 

On the other hand, we have 



M Jm 
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IM 

Using the Holder inequality, we obtain 



Af-2 I 2 21 T ^ aN~2 / I 2 21 r 

M Jm 



+ 



N-2 2 
^ ^ dVg] ij {\Vm\ + \v\)^dVg 



IM 

Taking account of the boundedness and the strong convergence of {vm) to v 
in L'^{M) we get the result. □ 

^ N-2 

Proposition 1. Let g = u 2 g he any generalized conformal metric 
to a metric g. The equation 

(2.2) Pgv = Xiu^-'^v 

has a solution of class C^'"(M) (0<a<N — 2) with the constraint 

U^-\^dVg = 1. 

M 

Proof. Let (vm) be a minimizer sequence of Ai(^ ) with the constraint 
Im u'^~'^v'^dvg = 1. The sequence (vm) is bounded in //|(M) and by passing 
to a subsequences also labelled (fm), there exists v G ff|(M) such that 

(i) Vm V weakly in f/'|(M) 

(ii) Vm —>■ V strongly in L'^{M) 
From (i), we obtain 

||f II < liminf ||vm|| 

and by Lemm^we get 

/ u^~'^v'^dvq = lim / u^~'^Vmdv„ = 1 
Jm Jm 

and we derive that \\v\\^ = Xi{g). 

Consequently f is a non trivial weak solution of the equation ()2.2p . 

By LemmsEl v £ L%M) for any s > 1 and it follows that v G C^'"(M), 
with a < iV - 2. □ 

2.1. Positivity of solutions. Now we are going to show that the equa- 
tion ()2.2|) admits a positive solution. 

Proposition 2. // the scalar curvature Sg of the Einsteinian manifold 
(M, g) is positive, the equation 

(2.3) Pgf = Ain^-\ 
has a positive solution with the constraint 

(2.4) ! u''-\^dvg = l. 

Jm 
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Proof. Let v he a solution to the equation ()2.3|) and let / be the solu- 
tion of the equation 

A/ + -/= Av + -v 

with a > 0. Clearly / G C2'°(M) {a<N-2). 

If Av + f f > ( resp. Av + f f < 0) we have f = v { resp. / 
If it is not the case, putting w = f ±v, we get 



(2.5) 



Aw ± —w 
2 



±{Av + %] >0 



so A{—w) ± ^ (— < 0. The maximum principle asserts that —w = v ± f 
attains a maximum M > then li; is a constant function but this is excluded 
since —a M < implies that M = 0. Consequently f > \v\ > 0. 

Let > be a real number such that jj^^u^~'^{kf)'^dvg = 1, then 
< < 1. Now letting f = kf and taking account of the equation (j2.3|) we 
get 



M 



Af] +a 



V/ 



+ af^ ] dvg - Xi{g) 



'[ ({Aff + a\Vff + af)dvg-Xi{g) 



M 



M 



a 



A/ 



a 



a 



a 



f' + af'\dvg-\i{g) 



^^+0^ --rr + ^r]dvg-Xi{g) 



{k'-l)\i{g) 



Consequently 
(2.6) 



M 



A/ +a 



V/ 



+ af^ ) dvg = \i{g). 



□ 



Proposition 3. Let u e L^{M), if v e Hl{M) is a weak solution of 
the equation 

(2.7) Pgv = Xiig)u''-\ 

with 



(2. 



1 



M 



then there is a weak solution w G H2{M) of the equation 
(2.9) Pgw = ^Mn^'^w 

with the constraints 



1, 



M 



M 



"^vwdvg = 
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where 
and 

E = \u^w : w e H^iM)/ u^w ^0, / u^~'^vwdvg = and I 

I JM Jm 

Proof. First, we show that the set E is non empty. Let f , s € H2{M) 
noncohnear such that J^,jU^~'^v'^dvg = 1, J^jU^~'^s'^dvg = 1. Necessarily 

N-2 JV-2 „ /V_9 

u 2 ti ^ and u 2 s ^ 0. Observe that Jj^jU vsdvg / 1, since if it is 
not the case the equahty is attained in the the Holder inequality and this 
possible if and only if there a real constant c such that v = cs. 
Putting w = av + Ps with a, P G R, we obtain 



so to get 



and 



we let 



and 



"^vwdvg = a + P "^vsdvg 
M Jm 



M 



ImU^ "^vsdvg 
n^~^ {av + dvg 
+ 0^ + 2ap / u'^-'^vsdvg. 



We obtain 



and 



1 

N-2„,„j„. \ 2 



a 



9 



,1-/m^^ ^vsdvg 
1 



{{^-lM^''-'^^dVg)j^,U^-^VSdVg)-- 

Now we will show that w is a weak non trivial solution of the equation (l2.9[) . 
Let (wn) be a minimizer sequence of X2i9) such that 



'^w'^dvg 

M 



and 



M 



'^WmVdVg = 0. 
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Then the sequences (wm) is bounded in ff|(M) and there is w G //|(M) a 
weak solution of the equation (j2.9p . It remains to verify that fj^j u^^'^w^ = 1 
and also /^j u^^'^wvdvg = 0. The first equality follows from Lemm^ the 

second one is true since the function = u^^'^v € (M). □ 

Proposition 4. Suppose that the solutions v and w of the equations 
{ 2.7\ ) and \2. 9\) are as in propositiorWi then \2(g) = ^2(9) ■ 

Proof. The weak solution w € i/|(M) of the equation 

PgW = X'2(g)u'^~'^w 



is a minimizer of 



where 



Im wPgwdvg 



^''^^^-llEj^u^-^w^dvg 



E = \ u^w : w G i?|(M) s. t. u^w ^ , / u^~'^vwdvg = and / u^~'^w'^dvg 

o- iV-2 JV~2 

Since u 2 v and u 2 w are linearly independent it follows that Vq =span(f , w) G 
Gr^{Hl{M)). 
Putting 

f = Xv + nw with (A, fi) eR^ - {(0, 0)} 

we evaluate 



on the plane Vq- 
We obtain 



hju'^-^Pdvg 



2 



2—^^1(5) + .2 , ^2(9) 



A^+^2 X' + is^ 

= Xi{g) cos"^ + X^ig) sin^ 

with e eR. 

On the other hand, we have 

- = (A'2(5)-Ai(5))sin20 

and noting that 

Xi{g) < X'^ig) 

we get easily 

mins(^) = Ai(^) and maxs(0) = X'2(g). 
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Consequently 



^2(5) = sup 



&Vo Jm ^w'^dvg ' 



On the other hand the infimum of sup^gy_|o} ^j'^' sub- 
spaces of Gr2{H2{M)) is attained by Vq = span{v,w). 
Hence 

□ 

Proposition 5. Ifue C°°{M) with n > not identically 0. Then any 
weak solution of the equation 

(2.10) PgV = iiu^-'^v 

is of class C°°{M), /i G M. 

Proof. Let u G C°°(M), n > and not identically and v a weak 
solution of the equation (j2.10p . We have 

{A + a){A + b)v = ^lu^-^v 

with a = and b = 

Putting 

2; = (A + b)v 

we get 

(A + a)z = ^u^~'^v 

and since v G Hl{M), u^~'^v G Hl{M) so 2; G Hl{M). Recurrently, for 
any k > 2 we obtain v G H^. Now, classical regularity theorem allows us to 
conclude that v eC°°{M). □ 

3. A Sobolev inequality related to fi2{M,g) 

The Sobolev inequality given by Lemm^ which allows to avoid concen- 
tration phenomena for the minimizing sequence of the first Paneitz-Branson 
invaiant ^i{M,g) is not sufficient in the case of the second Paneitz-Branson 
invariant H2{M,g), we propose the following Sobolev type inequality. 

Proposition 6. Let {M,g) be a Riemannian manifold of dimension 
n > 5. For any e > there is a constant A{e) such that, for any u G L^{M) 
and any v G i/|(M), we have 

[ u^-'^v'^dvg<(2'^{Kl + e) I {Avfdvg + A{e)[ v'^dvg] ( [ u^dvg 
Jm \ Jm Jm J \Jm 

Proof. For any e > 0, put 

B{e) = A{e)K2\l + er' 
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and let 

Im u^-^v^dvg \Jm 

where u G L^(M) and v G i?|(M) - {0} such that /^^ u^-'^v^dvg / 0. 

Obviously G(ti, v) is continuous on L^(M) x iJ|(M) - {0}. So I(n, V) = 
sup^gy.jo} G(n, t>) depends continuously on n G L^{M) and V G Gr|(i7|(M)). 
We must show that 

for aU u G C°°(M), n > and ^ G Gr|(C"^(M)). 

Without lost of generality, we suppose that f^^ u^~'^v'^dvg = 1. On the 
other hand the operator 

(3.1) v^Q{v) = u^A'^{u^v)+B{e)u'^-^v 

is a fourth order elliptic and self adjoint with respect to the inner product 
in LP'{M). Q has a discrete spectrum Ai < A2 < ... 

The corresponding eigenfunctions (pi, ip2^ ■■■ are smooth functions on M. 

2-iV 

Letting Vi = u 2 ■ , we get 



/ {AVifdVg + B{e) [ vfdVg = Xi [ U^~\fdVg 

Jm Jm Jm 



with 



"^ViVjdvg 



'M 

Let Pg be the operator defined on C°°(M) by PgU = AgU + B{e)u and 
let fti and $^2 be two non empty open disjoint sets in M and let vi and V2 
be two non trivial solutions to the equation 

(3.2) PgVi = X2U^~^Vi 

i = 1,2 with supports included respedtively in Qi and Q2, the closer sets of 
ill and r and where A2 is the second eigenvalue of the operator Q defined 
above. By multiplying if necessary fiand V2 by constants, we assume that 

J^U^-\ldVg = iMU^'-^ldyg = 1. 

Using the Holder inequality and the Sobolev one given in Lemmsdl we 

get 

2 = / u^-^vjdvg+ [ u^-^vidvg 
Jm Jm 

< (X_ (/^j.,r*,)*+(/^;.."*.,)"" 

<([ u'^dvg) ''Kl{l + e)([ {Avifdvg + B{e)[ vldv^ 
\Jni / \Jm Jm J 

\ N / f f 



+ ( / u''dvg\ K^{l + e){ / {Av2rdvg + B{e) / v^dvg 
1Q.2 J \Jm Jm 
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And since vi and V2 are solutions to the equation (13. 2|) . we obtain 



(1—— 1— — ^ 



Using Holder inequality, we get 

1-4 / . X 1- 



1 ~ i ^ 

( / u^dvg) + ( [ u^dvg) <2Tr ( [ u^dvg + [ u^dvg 
yJui J \Jn2 J \Jni Jn2 



<2fr { I u^dva + / u^dv, 



so 



As > 2n(l + e)-iK2"^. 
Letting V = span{vi,V2), we obtain for any ^ E? — (0,0), 

Jj^j [(A(a^;i + (5v2)f + B{e){avi + (iv^f 
G{u, avi + I3v2) = 



dVg 



_ c? {{Av,)^ + B{e)vj) dvg + a' ((At;^)^ + B{e)vj) dvg 
a2 /^^ u^-^vfdvg + u^-^vidvg 
= A2. 

Then 

/(u, V) = sup aui + f3v2) = X2 

(a,/3)e_R2-{0,0) 

and the proof of the proposition is achieved. □ 

In the particular case of the standard unit {S^,h) sphere of we 
obtain 



Proposition 7. Let {S"-,h) be the unit sphere of R^~^^ , n > 5, and let 
P be the Paneitz- Brans on operator on (S"", h) . For any u G L^{S'^) and 
any v £ i/fl'S'"); have 



2 



u^-^v'^dvh <2~nK^ / vP{v)dvh ( / dvh] ■ 

Proof. The proof is similar to that of the propostiorEl by using the 
Sobolev inequality given by Lemma[2] instead of that given by LemmslH □ 

As corollary of propositior(71 we get the following Sobolev inequality on 
the Euclidean space R^. 

Corollary 1. Let C^{R^) be the space of functions of classe C°° and 
of compact supports on i?". For any u € L^{R^) and any v € H2{R^), we 
have 



u'^'-Vdx < / {Avfdx / u^'dx 

Ji?" \Jm 

where dx denotes the Euclidean measure on R^. 
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Proof. Since i?" is conformal to 5" — {p}, where p is any point of 5" 
and the Paneitz-Branson is a conformal invariant the corollorj{T] follows from 
propositior(7l □ 

Proposition 8. If ^i{M,g)Kl < 1, then 
Proof. 

rt(M,5)= mf X,{g) {vol{M))^ 
96 [<y] 

= inf inf fM^P9iv)dvg / f ^^^^^ 

nec°°(M)t;ec°°(Af)-{o} j^^u^-'^v'^dvg \Jm " 

u>0 

< inf IM-Wdv, ^ y 

The inequality in the other sense requires a variational method. Let g„ 

N-2 

Um 9 with Um G L^{M), a minimizer sequence of fii{M,g) i.e. 

fii{M,g)= lim Xi{gm){vol{M,g))^ . 

m— >oo 

Considering the Yamabe functional 
with V G Hl{M) - {0} and u E Lf{M), we write, for any A G M* 

= Y{u,v). 

So, we can choose the sequence [um] such that /^^ u^dvg = 1 and there is 
a subsequence of (um) still labelled by (um) converging weakly to ti > in 
L^{M). 

On the other hand, by Propositior(3] for any Um € L^{M) there is G 
i^l (M) solutions of the equation 

with the constraint 

/ u^~'^vl,dvg = 1. 

JM 

Obviously {vm) is bounded in /7|(M) so there is f G i?|(M) such that 
'f^m — ^ V weakly in //|(M), Vm ^ v a.e. in M. 

Since limm^oo M,m = fJ-iiM^g), u is a weak solution of the equation 

Pg{v) = ^i,iM,g)u''-^v . 
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Now, we are going to show that v satisfies the condition 



u^-\'^dvg = 1. 



It is obvious that 



M 



u^-^v^dvg < 1 

M 



So we have to show the inequahty in the other sense, to do so, we consider 

N~2 2i I N-2 2 J / / N-2 2 N-2 2\ i 

u V avg = / v^avg — / (n„ v^ — u v )avg 

M Jm Jm 

I N-2 2 N-2 2\j 

'M 

Now, since 

hm~^^m - U^~'^{Vm - vf\ < Cu^~'^ \Vm + v\ \v\ 

where C is a postive constant 
we get 

u'^-^vl - u'fivm - V2? - n^-2z;2 in l\M) 

and 

( N-2 2 N-2 2\ J I N-2f \2 j 

[U^ V^-U V )dVg^ {Vm-V2) dVg. 

M Jm 
so 

,Af-2„,2^„, _ 1 / „.Ar-2/„, „,n2 



(3.3) / u^-^v'dvg = l- u';^-\v„,-vydvg + o{l). 

Jm Jm 

where o(l) is a sequence converging to as m — > +00. Using simultaneously 

the Holder inequality and the Sobolev inequality given by Lemmsdl we get 

/ u^~'^{vm - vfdvg < {kI + e) II A {vm - v)\\\ + ^(^) - v\\l 
Jm 

< {Kl + e) (^j^^ {v^Pgivm) - vPgiv)) dvg^ + 0(1) 
< {Kl + e) fi,{M,g) [ {u^-'vl - u''-'v^)dvg + o(l) 

JA4 

< {Ki + e) fi,{M,g) {l- j^ u^'-^v^dv^ +o(l). 
Taking account of (j3.3p . we have 

/ u^'-^^dvg > 1 - {Kl + e) fiAM,g) (l- [ 
Jm \ J A 

+o(l). 



M 



Then 



;i - {Kl + e) fi^{M,g)) [ u^'-^^dvg > 1 - 2"^ + e) ^i(M, 5) 

Jm 

+o(l). 
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So if 

/Xi(M,5)if|<l 

we get 



Jm 



IM 

Consequently 

/Xi(M,5) >0. 

Let u = a\v\ with a > and 



Jm Jm 



""dVg = 1 



then 

a(M a)< ^M^PMdvg 

'g 



a^-^J^v^dvg 

<a'^Hi{M,g) f u^-'^v'^dvg 
Jm 

<f^i{M,g) I u^-^lfdvg 
Jm 



The Holder inequality implies that 



_2_ 

u dv„ 



9 

M 

</^i(M,<7). 

So the equality is attained in the Holder inequality and this is possible only 
if 

u = cu 

with c > is a constant which implies that 

c= 1 

and 

u = u = a\v\ . 

Also 

/ v^dvg = [ u^'-Wdvg = 1 
Jm Jm 

and 



a 

^ IVl 

,2 



!m^ dvg ^ 

Finally since a > 0, we get 

a = 1 

hence 

u = \v\ . 
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That means that f is a weak solution in i?|(M) to the equation 

Pg{v)=ii^{M,g)\vf'^v. 
The condition Jj^^ v^dvg = 1 imphes that v is non trivial. Consequently 

fM\vfdvg 



□ 

4. Existence of a minimizer to ij,2{M,g) 

Proposition 9. // H2{M,g)K^2^n < 1, then fi2{M,g) is attained by 
a generalized metric u^~'^g, L^{M). 

Proof. Let gm = Um~'^9 '^i^^ £ C°°(M) and Um > be a minimiz- 
ing sequence of iJ,2{M,g). Since we can assume that 

u'l^dvg = 1 

M 

we have 

limA2,m, = fJ.2{M,g) 

n 

By PropositiorEl there are Vm,Wm G H2{M) such that 

(4.1) P{Vrr^ = Xl,muZ-^Vm 

and 

(4.2) P{Wm) = X2,mUm~'^Wm 

with the normalized conditions 

(4.3) / U^~'^vl^dVg = / U^~'^V^dVg = 1, / U^~'^VmWmdVg 

Jm Jm Jm 

First, we have for any integer m > 1, 

Since, if Xi^m = A2,m; Wm is a minimizer of Xi^m- On other hand taking 
account of the coerciveness of the Paneitz operator P and applying the 
Lax-Milgram theorem, we get easily that the first eigenvalue Xi^m of Pg is 
simple, so Wm = avm with a real a 7^ 0. Thus by (|4.3p . we get that 

uZ~'^vl,dvg = 

M 

a contradiction. The sequences (fm)m and {wm)m are bounded in if|(M) so 
there are functions VjW £ -fTf (-^^) and subsequences still denoted by {vm)m 
and {wm)m converging weakly to v and w, respectively, in H2{M). This 
latter facts and the weak convergence of {um) to u in {M) allow us to 
write in the weak sense that 

(4.4) Pg{v) = vu^-^v 



0. 
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and w 

(4.5) Pg{w)=fi^{M,g)u''-^w 

where i' = liiiim Xi,m < Ai2(^> 9)- 

Now, we are going to show that v ,w fulfill respectively the conditions 
Im u'^~'^v'^dvg = Jj^j u^~'^w'^dvg = 1 and by the way v, w are not identically 
null. To do so, we borrow ideas and notations from([l]). Set 

S = {Xv + nw: (A, fi) G + = 1} 

and let Wm = ^mVm + fJ'm'^m , w = Xv + /iw where up to a subsequence 

(Am, Mm) ^ (A,/^)- 

Obviously, we have 

(4.6) [ u^-^w^dvq < liminf [ u^-^wl^dvq = 1. 
Jm ™ Jm 

For the inequality in the other sense, we have 

/ N~2 — 2i I N-2 — 2 7 / / N-2 — 2 Af-2 — 2\7 

u w avg = / w^avg — / [u^ — u w )avg 

JM Jm Jm 

= 1- / {u^-'vl-U^-\')dVg. 

Jm 

Now, since 

(4.7) |M^"^t(7^ - U^~'^{Wm < CU^'"^ \Wm + w\ \w\ 

where C > is some constant 
we get 

- u^-^wm -wf\^ u'^-^w^ in L\M) 

and 

(4.8) / {ui-''wl,-u''-^W^)dVg^ I uZ'Hwrr^-wfdVg. 

Jm Jm 

Thus 

/ U^~'^ViP'dVg = 1—1 u^~'^{wm — w)'^dvg + o(l) 
Jm Jm 

where o(l) is a sequence which goes to as m — > +oo. 

Using the Sobolev inequality given by proposition ([6]), and taking account 

of 

ll't^m II N ~ ^ 

we get 

/ u^~'^{wm -wfdvg < 2~~ [kI + e) ||A(lZJm -w)\\2 + A{e) \\wm -w\\2 ■ 
Jm 
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Now by the Brezis-Lieb lemma ([3]) and the fact that \\wm — ^^112 ~^ ^ 
m — > +00, we obtain 

(4.9) j u^-^{w^-wfdvg < 2-^ {Ki + e) (^\\Awm\\l - \\^w\\l) + 0(1). 

By the fact that 

Wm — W — > in H^{M), q = 0,1 as m ^ +00 

we have 

IIAuJ^llg - ||AI(J||2 = / (WrnPgiWrn) -wP{w)) dVg + 0{1). 
J M 

N-2„2 I \ ,,2 / „.N-2„„2 ,,/t,j \\2 I „,N-2„2 ,, ,,2 / „,N-2„„2 



= Xl,m^m V^+X2,ml^m W^-iy{M,g)X / U f-/i2/" / U W+o{l) 

Jm Jm Jm Jm 

Taking into account of (j4.6p . we get 

Il^"'m|l2 - Il^^^ll2 ^ A2,m ( / ^^m~^«^m " / u'^'^w'^dVg] 

\Jm Jm J 

+ {Xi,mXl-iyiM,g)X^) [ n^-\2 + (A2,,„^^ - ^2/"') / u'^'W + o{l) 

Jm Jm 



M 



Consequently 



u^-'^w'^dvg > 1-2- - {kI + e 

M 



J M 



and since 



Urn '^wlidVg = 1 



M 

we obtain 

1 - 2-^ (K| + e) ^^2{M,g)) f u^'^w^dvg > 1-2'^ (K| + e) ^2(M, 

^ Jm 

So if 

Kl^,2{M,g)2~^ < 1 
we choose e > sufficiently small and get 

u^'^w'^dvg > 1. 

The inequality (l4.9|) . the Lieb-Brezis lemma ([3]) and the strong convergence 



of the sequence {wm)m to w in H^{M) , q = 0,1, we get 



/ u^-\w^ - wfdvg <2~^ {Kl + e) (\\/^Wm\\l - \\^w\\t) + o{l) 
Jm ^ ^ 

< 2-^ [Kl + e) (X2,m I uZ'^wldvg - fi2{M,g) [ u^-^w^dvg] 
\ Jm Jm J 
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< 2-n (K^ + e) 



M 



M 



N~2 — 2 N-2 — 2 

Since A2,m — ^ /^2(-^i5) as m — > +oo and 



) dvg 



+ 0(1). 



(4.10) / {uZ-'wl-u^-W)dv. 
we obtain 



g - I ^ (tt^m - wf dvg + o(l) 



So if 
we get 



1-2-t (7^-1 + 6)^2 (M, 5)) / u'l-^w^-wfdVgKoil). 



lim 



■"m ^ ("J^m - ■t^)^ dVg = 0. 



Hence by the equality (14. 10 p . we get 



M 



'^wl.dvg 



M 



So 

and since 
and 

it follows that 



u^~'^v^dvo 



u^-Wdvg = 



M 



M 



U^-^W^dVg = 1 



"^vwdvg = 0. 

'M 

iV-~2 JV--2 

Thus the functions u 2 v, u 2 w are linearly independent. 



□ 



5. An estimation to fX2{M,g) 
Mimicking which is done in pp, we establish the following lemma. 

Lemma 5. If the manifold {M,g) is of dimensional n > 12, then iJ,2{M,g) < 

4. 

/Zi(M,5)U(i^2"')^]"- 

To prove this lemma, we need the following elementary inequality. 

Lemma 6. [Ij For any real numbers x > 0, y > and p > 2, there is a 
constant C > such that 



{x + y)P <xP + yP + C{xP~^y + xy 
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Proof, (of Lemma[?]) Let Xo ^ M , 6 > sufficiently small and Bx^{6) 
the ball of center Xo and of radius 6 and rj a C°°-function 

1 iixeB^^{6) 
ifx^B,^{26) ■ 



rj{x) 
Put 



/ 2 1\ 

ip^ = r][r + e ) 2 
where r/ is a bumping function, obviously ip^ £ //|(M). 

For any n > 6 and e — > 0, a calculation done in [4] leads to 

(5.1) Y{^,)^K~^-e^Co + 0{e'') 



where 



Co > 
and 



2 n(n + 2)(n -2)(n - 4) ± 

2 n-l 

con-i denotes the volume of the unit Euclidean sphere. 
Consider the function 

(5.2) = Ceip^ 

with Ce > is such that J^j v^dvg = 1 . Standard computations give 

(5.3) Ce = CoC 2 
with Co > 0. 

Denote also by f a smooth positive solution of the equation 

Pg{v)=fi,{M,g)v''-^ 

with \\v\\j^ = 1. . 
Put 

For any (A, /u) G - {(0, 0)}, we have 



M 



(XVe + fJ.v)Pg{XVe + IJLv)dVg)'^dVg 



{X^v^P{v,)dvg + ii^vPiv) + 2\iJLv,P{v)) dvg. 

IM 

Since fj^^jvPg{v)dvg = Hi{M,g) and Jj^j VePg{ve)dvg = Y{v^), we get 
{Xve + nv)Pg{Xve + nv)dvg = \^Y{v^) + i?iJLi{M,g) 

r 

+2Xfifi^{M,g) [ v,v^-^dvg. 

J M 



and 
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Jm Jm Jm 

+ 2A/U / U^~'^VeVdVg 

Jm 

>\^Y{v,) v^dvg + fi^fi^{M,g) v^dvg + 2Xfi u^-'^vMvg 
Jm Jm Jm 

= X^Y{v,) + n'^Hi{M,g) + 2Xn / u'^-'^v.vdvg. 

Jm 



We have also 



so, if A/i > 



"^Vevdvg > ^i{M, g) I v^v^ ^dvg 
m Jm 



Jj^jjXVe + fiv)Pg{XVe + Hv)dVg ^ ^ 



,N-2 



"a 

In the case A/i < and iV — 2 G (0, 1] i.e. n > 12, we have 
\Y{v,) ~-2 V, + /ii (M, g) N-2 vj 
<Yiv,)vf-^+fs,iM,g)v^-\ 

Consequently 

U^-\XV, + flvfdVg = A2 / U^-\'jVg I uf-\^dVg 

m Jm Jm 

+2Xn / u^-'^v^vdvg > X^Y{v,) + n'^Hi{M,g) 
Jm 



+2XnY{v^) / Tjf^Sdwg + 2A/i/ii(M,5) / UeV^^'Vi^g 
Jm Jm 

> X'^Y{v,) + fi^fi^{M,g) -c( [ v^-^vdvg + [ v,v^-^dvg 

\Jm Jm 
where C > is a constant independent of e. 

Now taking account of (j5.2p and (j5.3p we get, for any (A, /x) G 
{(0,0)}, 

J^jjXv, + /xi;)Pg(Az;e + /^^)Q?^g ^ ^ ^ ©(e"^) 

/^^ Ue~'^{Xv + fIVe)'^dVg ~ 

By LemmslHl we obtain 

ufdvg<Y{v,)'^ [ v^dvg + ii^{M,g)-^ I v^dvg> 
m Jm Jm 

+C\ / v^-^vdv,+ [ vv^~^dv, 



Y{v,f^ +fi,{M,g)'i +c( [ 

\Ja 



M JM 

v^~^vdvg + / v^v^~^dvg 
M Jm 
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And by the relation ()5.ip . we deduce that 



M 



u^dvg 1 < 



n - 4 



/.i(M,g) 4 + (i^-^) 4j " - + o{e') > 4). 

where c > is a constant. 

Hence, for any (A,^) G - {(0,0)}, 



M 



u^dvg 1 < 



so 



□ 



6. Strong convergence 

Lemma 7. Suppose that [12^2'^ " < 1- Then the sequence {vm)m (f^^P- 
{wra)m ) of Solutions of the equations (resp. of solutions of the equations 
(4j^) ^^-5 bounded subsequence on M. 

Proof. Let as in the section2 Um € L^{M) and Vm,Wm £ H^iM) 
solutions respectively of the equations 

(6.1) P{Vm) = Xl,muZ~^Vm 

and 

(6.2) PiWm) = X2,mUm~'^Wm- 

Set 

Sm = {^mVm + fJ-mWrn- (Am, /i^) G , A^ + = 1, XmfJ-m > a> } 

S = {Xv + nw: (A, fi) G R^, A^ + = 1} 
and let Wm = XmVm + l^'m'^m , w = \v + fiw where up to a subsequence 

First we are going to show that the sequence (w^m)m uniformally 
bounded on the manifold M. Suppose by contradiction that {Wm)m is un- 
bounded. Then, for every m there exists a point Xm G M such that 

Wm{xm) = maxwm = Cm ~^ as m — > +00. 
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Given 6 > less than the injectivity radius of {M,g), we let Wm and Um 
be the functions defined on the Euclidean ball of center and radius 5^^^, 
Bo{5ira)^ by 

Wm{x) = — U7^(exp^^( — )) 

where exp^ is the exponential map at Xm- Denote by 

9m{x) = (exp^^)*5-(-^) 

the Riemannian metric on the ball Bo{dS,m)- Clearly, if E is the Euclidean 
metric, gm E in on any compact set. 

Now, since the functions Vm and Wm are solutions respectively of the 
equations ()6.ip and ()6.2p then multiplying by Wm £ -f^l (-^) ^^'^ integrating 
over the geodesic ball ex.p^^{Bo{S^j^)), we obtain 

+ I wLdVa^ < \2.m I u'l~'^wLdv 



Thus the fact that \wm\ < 1 on Bo{S^^) and standard elliptic theory lead 
after passing to a subsequence to 

Wm^w in C;tc(i?")- 
Independently, we have, for any R > 

u^~'^dx= I u^-^{exp^^J^))w'idvg^+o{l) 



Bo{m) JBoiRS) 

f 



/ '^{eWxJ^))dvg + o{l) 



So Um — > u weakly in Lj^^{R 



< / U^-\x)dVg + 0{l). 

J At 
N ( jyn \ 



^^m(exp^„(-))(ivg„ = / Um{x)dvg < / Um{x)dvg 

BaiRS) ^ JB{Xm,RS) JM 



Now letting m ^ oo, we get 

/ (Aew)'^ dx < fi2 / u^~'^uP'dx 
Jr" Jr" 

and by the Sobolev inequality given by Corollarj{T|, we obtain that 



{AewY dx < H2'^'"K^ {AEw) dx[ u'^dx 

R" JR-^ \JR^ 



< ^2'^~nKl / {^Ewfdx 
Jr" 
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Consequently 



li2Kl2~- > 1 



which contradicts the inequahtyof the hypothesis, so the sequence {wm) is 
bounded on M. □ 

Corollary 2. The sequence {vm)m (i"esp. {wm)m ) given in {4-l\) (resp. 
in i4-'^ ) converges strongly in L^{M). 



Proof. Let e > 0, the Holder inequality leads to 



1 , ,1 



Vn-v\^dVg<( \Vn-v\^^dVg] ( \Vn + vl^'^^ dVg] . 

M \Jm / \Jm / 

By the boundedness of the sequence {vn)n in M and the strong convergence 
of the latter to v in L^~^(M), we get that Vn ^ v in L^{M). The same is 
also true for the sequence {wn)n- D 

JV-2 N-2 

Corollary 3. The functions u 2 v ana u 2 w are linearly indepen- 
dent. 

Indeed, since the sequence (^Vm^m ( ^6sp.(f 77^)^7^ ) converges strongly to v 
(resp.to w) in L^{M), we pass to the limit in the last equality in ()4.3p and 
get /^^ u^~'^vwdvg = 

As a corollary of Lemma [7] and Corollary [51 we obtain our main result 

Theorem 3. If the Einsteinian manifold {M,g) is of dimension n > 12, 
then /i2(Af, g') is attained by a generalized metric. 

7. Nodals solutions 

The same arguments as in the proof of Lemma3.3 [1] allow us to state. 

\n 



Lemma 8. Let u E L^{M) with = 1. Suppose that wi, W2 G 



Hi{M) - {0}, such that wi>0,W2>0 satisfy 



(7.1) / wiP{wi)dvg<iX2{M,g) u'^-'widvg 

J M J M 

(7.2) / W2P{w2)dvg<fi2iM,g) [ u^-^wjdvg. 

J M Jm 

If {M — Wi^{0)) n (M — W2^{0)) has measure 0, then there exist constants 



a > and b > such that u = awi + bw2 and the equalities in |7. j[j and 



T§ hold. 

Now we establish the existence of a nodal solution. 

Theorem 4. Let v and w as in the Proposition^ and suppose that the 
scalar curvature of {M;g) is positive and fj,2{M,g) ^ and attained by a 
general metric g = u^~'^g with u G L^{M). Then u = \w\ and in particular 
the equation 

(7.3) Pg{w)=^l2{M,g)\wf-^w 
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has a nodal solution. 

Proof. Let v and w as in the Proposition([3]). Without lost of generahty, 
we choose u G L^{M) with jj^jU^dvg = 1, hence \2{(j) = /^2(-^i5)- in 
the proof of PropositiorE] we have \i(g) < ^2(9)- Suppose that the solution 
of the equation (|7.3p is not nodal, by taking — tt; if li; is non positive, we 
assume that w > 0. On the other hand since the scalar curvature of (M, g) 
is positive, by Proposition([2]) the equation 



This latter equality implies that the set (M — v~^{0)) fl (M — w~^{0)) has 
measure 0. So by LemmgO we get equalities in ( 17. 3p . a contradiction with 
the fact that Xi(g) < \2(g)- Consequently t(7 is a nodal function. 

Suppose that the compact manifold M splits into two non empty disjoint 
domains 57 1 and O2 such that M = Q.i\J^2^ F with measure (/") = 0. Let 
vi and V2 be positive solutions to the equation Pg{vi) = X2U^~'^Vi, such 
that Vi = and Avi = on dO,i, where A2 is the second eigenvalue of the 
Paneitz-Branson operator Pg. By LemmslHl there exist constants a > and 
6 > such that u = avi + bv2- It follows that u is of class C°'"(M) with 
a G (0,iV - 2). Observe that the nodal set W^O) C v^^{0) n (0) C F. 

Now we follows the proof in [1]. Let h G C°°(M) with support in M — 
u~^(0) and put ut = u+th. Since u is continuous and positive on the support 
of h, then ut > for t close to 0. The same arguments as the proof in the 
Propositions. 3 in [Ij we obtain that \w\ = u on M — u~"'^(0). Independently 
since the nodal set m~"'^(0) is negligible and u, \w\ are continuous, then 
\w\ = u on M. □ 

Corollary 4. /i2(M, (7) is not attained by a classical conformal metric. 

Since if it is not the case, u > and w such that |t(7| = u is not nodal. 
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